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ABSTRACT 
Magnesium alloys can offer significant weight reduction over conventional steel or aluminum 
alloys. Specifically, rare-earth alloyed magnesium sheets have the potential to be used as light-
weight structural alloys since they possess a weakened crystallographic texture that leads to 
superior ductility over conventional magnesium alloys. However, there are some complications 
that limit wide-spread adoption of these alloys that are mainly attributed to their significant 
anisotropy and complex yielding behaviour, as well as their limited ductility (relative to cubic 
materials) and their orientation-dependent fracture response. The present thesis aims to address 
some of these challenges to support the commercial implementation of these alloys. 
Examining ZEK100-O rare-earth magnesium rolled sheet as a model material, the constitutive 
plastic and fracture behaviour of the alloy were characterized to reveal the response of the 
material under different quasi-static loading conditions at room temperature. Given the complex 
yielding behaviour of the material, a continuum-based plasticity model has been developed that 
captures evolving anisotropy and tension-compression asymmetry of ZEK100-O. The modelling 
framework consists of the CPB06 yield criterion for hcp materials along with a non-associative 
flow rule in which the yield function and plastic potential were calibrated for a range of plastic 
deformation levels along with an interpolation approach to account for evolving anisotropy under 
proportional loading conditions. The constitutive model has been implemented as a user material 
subroutine (UMAT) into the commercial finite element code, LS-DYNA, for general 3-D stress 
states. It is shown that predictions of the model were in good agreement with experimental data 
in terms of both global load-displacement as well as and local strain responses. 
In addition to a remarkable anisotropy and symmetry in the plastic response of the material, 
fracture experiments in different test orientations revealed that the fracture behaviour of the 
material is also anisotropic. However, orientation-dependency in fracture is not as significant as 
anisotropy in plastic response. In order to visualize directional dependency of the fracture 
response of the magnesium alloy, experimental fracture loci for different orientations were 
constructed. Furthermore, non-proportional tests were performed incorporating abrupt changes in 
stress state to study the role of the loading history on fracture behaviour of the alloy. It is shown 
that simple damage indicators might not be able to capture accurately fracture response of the 
material under severe changes in the stress states.  
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Synopsis of Thesis 
1. Introduction 
     In recent years, there has been an increasing demand to reduce vehicle weight to tackle the 
global issue of green-house emissions and to meet stricter governmental regulations. Vehicle 
weight reduction is possible through the application of high strength materials such as advanced 
high strength steels (AHSS) or low density alloys like aluminum or magnesium. Magnesium is 
the lightest of all structural metals (Mordike and Ebert, 2001) with a density of approximately 
one-fourth of steel and two-thirds of aluminum that can offer great weight reduction relative to 
other materials. Wrought magnesium, particularly in the form of sheet, represents a tremendous 
growth opportunity in automotive applications such as inner door panel, engine hood, seat 
components, roof, and fenders (Zarandi and Yue, 2011). 
     Although magnesium alloys are attractive for vehicle light-weighting, the current actual 
application of magnesium alloys in automobiles is limited to approximately 1% of the average 
automobile by weight (Kim, 2014). High cost, poor formability at room temperature, and poor 
corrosion resistance are the most important drawbacks limiting widespread application of 
magnesium alloys. The crystal structure of magnesium is hexagonal close packed (hcp) which 
limits its inherent ductility, and efforts to produce alloys lead to preferred microstructural 
textures and severe plastic anisotropy. The future adoption of magnesium alloys in the 
automotive industry will depend upon how the above challenges are addressed. 
     The present thesis aims to characterize the anisotropic constitutive behaviour of materials 
displaying strong anisotropy and yield-asymmetry, using ZEK100-O magnesium alloy sheet as a 
model material. This thesis has been written in a manuscript-based style that consists of different 
parts. The first part includes the synopsis of the thesis containing a review of the current state of 
the art in characterization of the mechanical behaviour and modelling the response of 
anisotropic-asymmetric materials followed by a statement of the objectives of this research. 
Subsequently, major results and overall conclusions of the research are provided within this 
synopsis. A more detailed presentation of the methodology and results of this research follows in 
Appendices A, B, C, and D which are four published or submitted peer-reviewed manuscripts. 
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This research has provided modelling tools and material data needed to support the commercial 
adoption of complex materials such as magnesium alloys within automotive body panels and 
structures. 
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2. Literature Review 
2.1. Magnesium Alloys 
     Where weight reduction is desired, such as in automotive applications, magnesium alloys can 
offer high strength-to-weight ratios. Among different grades of magnesium alloys, AZ31B with a 
nominal composition of Mg-3wt%Al-1wt%Zn currently has the highest number of applications 
(Zarandi and Yue, 2011); however, low ductility and corrosion resistance limit widespread 
applications of the alloy. To address the formability issue, the addition of rare-earth (RE) 
alloying elements emerged as a potential solution to increase ductility while preserving the low 
density of magnesium alloys (Kim, 2014; Imandoust et al., 2017). The role of the RE elements in 
magnesium alloys is to randomize the crystallographic texture and improve the formability of the 
material. ZEK100-O is a RE magnesium alloy that exhibits a relatively weaker texture compared 
to the more common commercial AZ31B magnesium. The role of texture on the mechanical 
behaviour of materials is discussed further below. 
     The low ductility of magnesium rolled sheets is attributed to the hexagonal close packed (hcp) 
crystal structure along with significant plastic anisotropy as a result of preferred textures 
developed during rolling processes. In general, materials with the hcp structure have limited 
available deformation mechanisms to accommodate plastic straining at room temperature. The 
dominant deformation system of magnesium alloys at room temperature is slip on the basal plane 
(see Figure 2.1). Other non-basal slip systems (slip on prismatic and pyramidal planes) are also 
observed in magnesium alloys but require higher stresses to be activated (Lou et al., 2007). In 
addition, magnesium rolled sheets exhibit complex anisotropic and tension-compression 
asymmetric responses (Ghaffari Tari et al., 2014; Kurukuri et al., 2014a,b; Steglich et al., 2016; 
Habib et al., 2017). The asymmetric behaviour is primarily due to the twinning mechanisms that 
provide independent deformation mechanisms (Lou et al., 2007), but are highly sensitive to 
loading direction (Plunkett et al., 2008; Qiao et al., 2017). The most common twining modes in 
magnesium alloys are tensile twinning, compressive twinning, and secondary/double twinning as 
described by Qiao et al. (2017). 
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Figure 2.1 – Slip systems in hcp materials (Staroselsky and Anand, 2003). 
      
     The majority of previous research on magnesium sheet has been conducted on AZ31B. Lou et 
al. (2007) studied the deformation mechanisms of AZ31B in tension and compression at room 
temperature and observed that tensile deformation is initially dominated by basal slip with other 
contributions from non-basal slip as the flow stress increases. Other slip systems such as non-
basal slip on prismatic or pyramidal planes have higher critical resolved shear stress (CRSS) and 
activate at higher applied stresses. In Lou et al. (2007), in-plane compression tests revealed that 
twinning was the dominant deformation mechanism. Similar observations have been reported by 
Starosesky and Anand (2003) for AZ31B rolled sheet. Contrary to basal slip that is believed to 
be temperature independent (Ulacia et al., 2010), the CRSS of non-basal slip systems decreases 
with increasing temperature which leads to the good elevated temperature ductility of 
magnesium alloys (Agnew and Dugulu, 2005). Uniaxial compression tests performed at elevated 
temperatures by Jian and Agnew (2007) and Piao et al. (2012) showed that initial yield points 
were insensitive to temperature; thus an athermal mechanism should be responsible for yielding 
in compression. Twinning is known to be athermal (Khan et al., 2011) and is the dominant 
mechanism for in-plane compression of AZ31B. Therefore, an increase in deformation 
temperature can improve the formability of magnesium alloys (Boba et al., 2017; Ghaffari Tari 
et al.; 2013). As shown by Boba et al., (2017), ZEK100 exhibits superior ductility compared to 
AZ31B in terms of forming limit diagrams (FLD). Also forming operations performed on 
AZ31B and ZEK100 at elevated temperatures by Malcolm et al. (2014) showed that only 
ZEK100 can be utilized for inner door panels of cars. 
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     The significant anisotropy in magnesium sheet alloys stems from the strong crystallographic 
textures developed during the rolling processes. Comparing AZ31B and ZEK100, Kurukuri et al. 
(2014a) studied the pole figures of AZ31B rolled sheet and reported that the material exhibits a 
strong basal pole figure with a minor spreading in the rolling direction. This data indicates that 
the majority of the grains are oriented with their c-axes along the sheet normal direction, with 
some grains tilted towards the sheet rolling direction. However, addition of the RE elements can 
modify the texture (Imandoust et al., 2017). In ZEK100 the basal texture intensity is weakened 
with spreading of the c-axes along the transverse direction of the sheet which is typical of RE 
magnesium alloys (Sinclair and Martin, 2013). The peak intensity of pole figures in ZEK100 is 
about one-fourth of that of AZ31B that leads to improved formability; however, as argued by 
Habib et al. (2017) and Kurukuri et al. (2014b), a high orientation dependency persists which 
results in even stronger in-plane anisotropy. Constitutive plastic response of magnesium alloys 
will be further discussed in the next section. 
 
2.2. Characterization of Plastic Response 
     In general, there are two major approaches to describe plasticity or yielding behaviour of 
polycrystalline materials. The first is the crystal plasticity approach which is based upon physical 
aspects of plastic deformation and on averaging the response over a large number of grains. The 
crystallographic texture is the main input for these models. Crystal plasticity models have been 
implemented into finite element codes and have successfully predicted the plastic response of 
materials (Inal et al., 2002; Plunkett et al., 2006; Grytten et al., 2008; Levesque et al., 2010; 
Rousselier and Luo, 2014; Qiao et al., 2015; 2017). Unfortunately, such finite element 
calculations are computationally expensive, thus limiting their applicability for industrial large-
scale simulations. The second approach uses phenomenological continuum-based models to 
predict the yielding behaviour of materials. The computational times of phenomenological 
models are typically much faster than the crystal plasticity approach. In addition, they are easier 
to implement into finite element codes. These advantages lead to widespread usage of 
phenomenological models in industrial applications. This section is devoted to a brief description 
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of phenomenological plasticity models and flow rules employed in sheet metal forming and 
crash simulations for predicting plastic response of materials. 
 
2.2.1. Phenomenological Yield Functions 
     Phenomenological isotropic yield functions such as Tresca or von Mises are among the oldest 
models still in use in industry and academia. Hershey (1954) and Hosford (1972) proposed non-
quadratic isotropic yield functions to obtain better accuracy than the quadratic von Mises yield 
criterion. The yield function of Hosford (1972) is given by: 
  
a
aaa
Hosford
1
323121
)()(
2
1






                                    (2.1) 
where 
31
  are the principal stresses and a is the exponent of the yield function. The Hosford 
yield criterion is appropriate for materials with a random crystal orientation distribution; 
however, most rolled sheet materials, in particular magnesium alloys, exhibit preferred (non-
random) textures and require anisotropic yield functions. 
     One of the earliest phenomenological anisotropic yield functions was proposed by Hill 
(1948). This quadratic yield function, often referred to as the Hill48 model, resulted in 
acceptable predictions for traditional steels; however, with the advent of more advanced alloys 
and non-ferrous metals, it was experimentally observed that the Hill48 model is not capable of 
describing the yielding behaviour of these metals accurately, specifically under biaxial stress 
states (Aretz and Barlat, 2013). Later on, Hill proposed various anisotropic yield functions (e.g. 
Hill, 1979; 1990; 1993) to correct the shortcomings and anomalous responses of the Hill48 
function. Nonetheless, the popularity of the Hill48 model still persists in industry and academia 
due to its simplicity and availability in most of the commercial finite element software codes 
(e.g. Chung et al., 2011; Mirone and Corralo, 2013; Park et al., 2017; Coer et al., 2017). 
     Perhaps the largest contributions to anisotropic phenomenological yield functions are found in 
the Barlat family of yield criteria (Barlat and Lian, 1989; Barlat et al., 1991; 1997; 2003; 2005; 
Aretz and Barlat, 2013). Following the isotropic yield function of Barlat and Richmond (1987), 
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Barlat and Lian (1989) proposed a plane-stress anisotropic yield function (so-called Yld89) 
based on a linear transformation of the stress deviator. The components of the transformation 
tensor are obtained from experiments under various loading conditions and in different material 
orientations. This methodology became the milestone for the rest of the Barlat family of 
anisotropy yield functions as isotropic yield functions are used as generators for the development 
of anisotropic yield functions. The purpose of the linear transformation operators is to put 
different weights to the components of the deviatoric stress while preserving convexity of the 
yield function. Following this procedure, the Yld91 model was proposed for 3-D stress states 
(Barlat et al., 1991) followed by the Yld94 and Yld96 (Barlat et al., 1997) to improve the 
accuracy of the yield functions. In 2003, the plane-stress Yld2000-2d model was proposed 
(Barlat et al., 2003) which is currently a popular yield function for anisotropic modelling of sheet 
metals (e.g., Yoon et al., 2004; Andar et al., 2012; Huh et al., 2013; Athale et al., 2017; 
Manopulo et al., 2017). Subsequently, to account for 3-D formulations, Barlat et al. (2005) 
generalized the Yld2000-2d model to consider all six-components of the stress tensor which 
resulted in the Yld2004-18p yield criterion. The Yld2004-18p yield function of Barlat et al. 
(2005) is defined as: 
   aaaaaaaaaa
Yld
SSSSSSSSSSSSSSSSSS
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3323133222123121114
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(2.2) 
where 
31
S  and 
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S  are the principal values of transformed stress deviator Sʹ and Sʹʹ, given by: 
s:CS   , s:CS                                                  (2.3,2.4) 
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in Eqs. (2.3) and (2.4) s is the stress deviator. Note that the components of the Cʹ and Cʹʹ tensors 
are the anisotropy coefficients that should be calibrated with experimental data. The Yld2004-
18p yield surface for an aluminum alloy (AA6111-T4) is shown in Figure 2.2. Although the 
Yld2004-18p model is computationally expensive and its calibration is not straightforward 
(Grytten et al., 2008), it has been successfully used in simulation of forming and crashworthiness 
of aluminum alloys (Yoon et al., 2006; Fourmeau et al., 2011; 2013; Kohar et al., 2017). 
 
Figure 2.2 – Yield surface of AA6111-T4 represented with the Yld2004-18p formulation (Barlat et al., 2005). 
 
     Based on the above literature review, very versatile anisotropic yield criteria exist in the 
literature; however, these models were intended for modelling bcc and fcc cubic materials. As 
described in the previous section, magnesium alloys have an hcp structure. In such materials the 
plastic deformation occurs by slip and twinning mechanisms, and, due to the directional 
sensitivity of the twining mechanisms, a strong tension-compression asymmetry is observed in 
the yield loci of these materials (Kurukuri et al., 2014a,b; Habib et al., 2017). To account for 
strength differential effects, Cazacu and Barlat (2004) generalized Drucker’s isotropic yield 
criterion (Drucker, 1949) followed by an anisotropic extension developed by Cazacu et al. 
(2006) known as the CPB06 yield criterion based on the linear transformation approach. The 
CPB06 yield function is of the form: 
     aaa
CPB
kkk
33221106
                                  (2.7) 
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where k is a constant that accounts for asymmetry. Also 
31
  are the principal values of the 
transformed stress deviator: 
sC :                                                              (2.8) 
with the transformation tensor of: 
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     The components of the C tensor are the anisotropy coefficients that should be determined 
from experimental data. Later, Plunkett et al. (2008) demonstrated that the accuracy of the 
CPB06 model can be significantly improved if more than one linear transformation was applied 
on the stress deviator. A model with n-times of stress transformations, denoted as CPB06exn, 
can be written as: 
)(
06
)2(
06
)1(
0606
n
CPBCPBCPBexnCPB
                                      (2.10) 
with each transformation tensor having its own independent coefficients: 
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     It should be noted that the number of the calibration parameters increases by the number of 
the stress transformations; thus more experimental data is required to calibrate anisotropic yield 
functions with multiple stress transformations. Figure 2.3 shows a schematic of the CPB06 yield 
loci for an anisotropic-asymmetric magnesium alloy. It can be seen that the shape of the yield 
loci do not remain constant and change with deformation reflecting the evolution of texture with 
deformation (Kurukuri et al., 2014b). 
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Figure 2.3 - Yield locus of Mg-0.5%Th sheet calibrated with the CPB06 model with one stress transformation at the 
three levels of plastic deformation (Cazacu et al., 2006). 
 
     The CPB06 criterion has been successfully employed by several researchers for simulating 
the behaviour of hcp materials. Kim et al. (2008) used the CPB06 yield function to simulate 
three-point bending of AZ31B magnesium alloy sheet. A similar approach was adopted by 
Barros et al. (2016) for four-point bending of AZ31B and zirconium alloys. Moreover, Andar et 
al. (2012) used the CPB06 formulation with three transformations to evaluate the yield surface of 
AZ31B sheet. Simulations of spherical and elliptical bulge tests of an hcp titanium sheet were 
performed by Williams and Boyle (2016) using the CPB06 model. In terms of evolution of 
anisotropy with deformation, Ghaffari Tari et al. (2014) used the CPB06 model with one to four 
linear stress transformations to simulate the response of an AZ31B rolled sheet in which the 
components of transformation tensors were a function of deformation and evolved with plastic 
strain. More recently, Tuninetti et al. (2015) used the CPB06 model with a similar evolution 
technique for modelling tension-compression asymmetry of a titanium alloy. These 
computationally expensive models resulted in significant improvements in accuracy for 
modelling evolutionary anisotropic behaviour of hcp alloys. 
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2.2.2. Flow Rules 
     In addition to a yield function, a plasticity model requires an appropriate flow rule or plastic 
potential function to predict direction of plastic flow. For this purpose, available models in the 
literature are based on either the associative flow rule (AFR) or the non-associative flow rule 
(non-AFR). In the AFR, the yield function is also the plastic potential for calculating the plastic 
strain increments (see Figure 2.4). AFR models have been employed in the majority of the works 
published in the literature including the papers cited above. The classical work of Bishop and 
Hill (1951) demonstrated that the AFR holds for metals based on a crystal plasticity model. 
However, in the last decades, the assumption of the AFR has been challenged by the non-AFR in 
which the plastic potential is independent from the yield function (e.g. Stoughton, 2002; Cvitanic 
et al., 2008, see Figure 2.4). It is shown by Stoughton et al. (2002) that the difficulties 
encountered in simulations with the AFR Hill48 model in the biaxial region can be overcome by 
adopting the non-AFR. Considering materials with severe anisotropy, the non-AFR provides a 
higher degree of flexibility for calibrating yield stresses and r-values, a feature that can be 
utilized for magnesium alloys with complex anisotropy. 
     In terms of stability, Drucker (1949) showed that models based on the AFR are always stable 
provided that the yield function is convex; however, Stoughton and Yoon (2006) discussed that 
the AFR is not the only postulate for stability. These authors proved that by imposing the 
following constraint, the rate of change of stress and plastic strain are uniquely defined which is 
a necessary condition for stability: 



)(




p
eq
0:: 






L                                          (2.13) 
where   is the plastic potential,   is the equivalent stress, and L  is the stiffness tensor. There 
are other constraints that have been mentioned by Stoughton (2002) and Stoughton and Yoon 
(2006) for stability of non-AFR models; however, from the point of view of implementation of 
the model into finite element codes, the constraint of Eq. (2.13) is the most important (Safaei, 
2013). 
     The Hill48 model with the non-AFR has been successfully employed for modelling plastic 
deformation of aluminum alloys (e.g. Stoughton and Yoon, 2009; Taherizadeh et al., 2010; Mohr 
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et al., 2010; Qian et al., 2017). Similarly, due to the high flexibility of the non-AFR in capturing 
anisotropy in plastic flow, Park and Chung (2012), Safaei et al. (2013), and Hippke et al. (2017) 
used the non-AFR Yld2000-2d criterion to simulate earing profiles of aluminum sheets in cup 
drawing tests. More recently, Noder (2017) successfully simulated formations of eight ears in 
cup drawing tests of 7000-series aluminum alloy sheet. It is worth mentioning that, concerning 
evolution of anisotropy for materials such as magnesium alloys, models with the non-AFR 
enable the possibility that plastic potential and yield function evolve differently, a feature that is 
not possible in models based on the AFR. Despite these apparent advantages, plasticity models 
with the non-AFR have not been evaluated for magnesium alloys, the one exception being a 
recent work by Zhang et al. (2017) who used a pressure dependent yield function and the Hill48 
plastic potential for AZ31B. 
 
Figure 2.4 – Concepts of associative (left) and non-associative (right) flow rules (Safaei et al., 2013). fy is the yield 
function and fp is the plastic potential. 
 
2.3. Ductile Fracture 
     The prediction of ductile fracture in sheet metals is a crucial topic in forming and 
crashworthiness applications. The present section deals with introducing different modelling 
approaches to predict ductile fracture of un-cracked bodies. The models that are presented herein 
are used to predict the initiation of cracks in initially intact materials undergoing different 
loading conditions. These models are usually categorized into: micromechanical, continuum 
damage mechanics, and phenomenological models. 
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2.3.1. Micromechanical Approaches 
     Microscopically, ductile fracture is induced by the nucleation, growth, and coalescence of 
voids which ultimately form a visible macroscopic crack. These three stages are shown 
schematically in Figure 2.5. The role of micro-voids in ductile fracture was first studied by 
McClintock (1968). In this study, the evolution of an isolated cylindrical void in a ductile 
elastoplastic matrix was analyzed. Rice and Tracey (1969) investigated the evolution of spherical 
voids in an elastic-perfectly plastic matrix. In these papers, the interaction between micro-voids, 
the coalescence process, and hardening effects were neglected and fracture was assumed to occur 
when the void volume fraction reaches a critical value specific for each material. Hancock and 
Mackenzie (1976) indicated that ductility of materials depends markedly on the stress triaxiality. 
They reported that coalescence of two adjacent voids in high strength steels is accommodated by 
generation of a large number of secondary smaller voids. These studies showed that the rate of 
void growth is controlled by the stress triaxiality; therefore, hydrostatic pressure is a critical 
factor in damage modelling.  
     The concept of a shrinking yield surface due to the combined effects of damage and 
hydrostatic pressure was put forward by Gurson (1977). He studied a finite sphere containing an 
isolated spherical void in a rigid perfectly plastic matrix and employed the void volume fraction 
as an internal variable to represent damage and its softening effect on material strength. The 
original Gurson model has been repeatedly modified to account for additional factors responsible 
for material deterioration and subsequent fracture, such as: void nucleation (e.g. Chu and 
Needleman, 1980), void coalescence (e.g. Tvergaard and Needleman, 1984), and void shape 
effects (e.g. Gologanu et al., 1993, 1994; Pardoen and Hutchinson, 2000). The Gurson model 
modified by Tvergaard and Needleman (1984) is usually referred to as the GTN model. 
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Figure 2.5 – Damage evolution: (a) initial state, (b) void nucleation, (c) void growth, and (d) void coalescence 
(Chen, 2004). 
 
     The GTN model can be used to predict the softening and damage of materials in which the 
void damage mechanism plays the dominant role. However, in ductile solids undergoing shear-
dominated deformation with low stress triaxiality, the damage behaviour is very different from 
that observed at higher triaxiality levels. For example, under shear dominated loading conditions, 
significant void growth is usually not observed whereas distortion of voids and inter-void linking 
play a critical role in material degradation (Brunig et al., 2013). These mechanisms are not 
predicted by the GTN model; consequently, traditional GTN models are unable to predict 
fracture under shear dominated loading conditions. Nahshon and Xue (2009) and Nielsen and 
Tvergaard (2010) modified the original Gurson model to correct the fracture prediction under 
shear loading conditions. In these shear-modified GTN models, the micromechanical 
justifications of the models are lost due to empirical assumptions made to model the effect of the 
shear loading conditions (Dunand and Mohr, 2011; Ghahremaninezhad and Ravi-Chandar, 
2013). Note that another shortcoming of the GTN damage model is the calibration procedure in 
which a large number of coupled parameters have to be determined for a single material. 
     It should be noted that the ductile fracture mechanisms described above might not be valid for 
magnesium alloys. Abedini et al. (2015) examined microstructure of fracture surfaces of 
ZEK100 alloy using scanning electron microscope (SEM) in which the micrographs of shear 
specimens showed smooth surfaces (Figure 2.6 a,b) while the surface of the tensile specimen in 
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Figure 2.6c exhibited a typical dimpled surface. However, recent microstructural investigations 
of fracture in magnesium alloys conducted by Ray and Wilkinson (2016) and Nemcko and 
Wilkinson (2016) revealed the role of grain boundaries and twin boundaries on fracture initiation 
sites. Unlike conventional steel and aluminum alloys, it was observed that void nucleation rarely 
occurs from second phase particles or inclusions in microstructure of magnesium. 
 
Figure 2.6 – SEM images of the fracture surfaces of (a, b) shear and (c) uniaxial tensile specimens of ZEK100 
(Abedini et al., 2015). 
 
2.3.2. Continuum Damage Mechanics Approaches 
     An alternative approach for fracture prediction is continuum damage models (CDM). The 
CDM models were first introduced by Kachanov (1958) in the study of creep problems while 
Lemaitre (1985) was the first to use the CDM approach for modelling ductile fracture. In this 
method, the details of nucleation, growth, and coalescence of voids are ignored and the 
deterioration of the material is described by a damage variable which is defined as an internal 
state variable. Also in this method, a thermodynamics dissipation potential is introduced to 
obtain the damage evolution law in a continuous media (Lemaitre, 1985). In the CDM approach, 
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the measure of the damage amplitude in a given plane is obtained by measuring the area of 
intersection of all defects with that plane. For instance, based on Figure 2.7, it is readily observed 
that the effective area of the sample is S-SD, where S is the total area and SD represents the 
damaged (void) area in the considered plane. The effective area withstands the load and in the 
absence of damage, the effective area is equal to the initial area. The positive scalar D  is 
considered as a damage variable and is expressed by: 
S
S
D D                                                            (2.14) 
     For a uniaxial loading with an applied load of F, based on the principle of strain equivalence, 
the effective stress (~ ) is defined by: 
D
SS
F

~                                                       (2.15) 
which means that for the same value of strain, the damaged material experiences higher stress 
than that of the undamaged material. In order to consider the evolution of the damage, a 
dissipation potential with its evolution rules is adopted from constitutive rules of 
thermodynamics (Allahverdizadeh et al., 2012). Compared to the micromechanical models, the 
CDM models are formulated in a phenomenological manner with a thermodynamics framework 
and fewer material constants for calibrations (Tutyshkin et al., 2014). 
 
Figure 2.7 – Schematic of a damaged element (Lemaitre, 1985). 
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2.3.3. Phenomenological Approaches 
     The damage models described above are also known as coupled damage models in which the 
constitutive plasticity and fracture models are coupled. Alternatively, uncoupled fracture models 
consider fracture as a sudden event when the stress and strain states of an undamaged material 
reach a critical level. Uncoupled phenomenological fracture models have been developed by 
neglecting the effect of damage on the plastic behaviour of materials prior to fracture; therefore, 
one can utilize any desired metal plasticity model together with a separate phenomenological 
fracture model. No assumptions are made upon the physical fracture mechanisms. From an 
industrial point of view, a good damage model should be easily calibrated from physical tests 
and efficiently implemented into finite element codes. Micromechanical and CDM damage 
models do not meet these requirements; therefore, phenomenological models are more popular in 
industrial applications. 
     In terms of the stress state dependency, most of the early phenomenological models were only 
a function of the stress triaxiality (e.g. Oyane et al., 1980; Clift et al., 1990). More recent studies 
have demonstrated the importance of the Lode parameter in addition to the stress triaxiality in 
predicting ductile fracture (Bao and Wierzbicki, 2004; Bai and Wierzbicki, 2008, 2010; Mohr 
and Marcadet, 2015). These models lead to a construction of fracture surfaces in the 3-D space of 
stress triaxiality, Lode parameter, and equivalent strain at fracture strain, 
f
 : 
),(  f
f
                                                             (2.16) 
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where 
hyd
  is the hydrostatic stress, and J2 and J3 are the second and third invariants of the stress 
deviator. Also η is the stress triaxiality and   is the Lode parameter. 
     Inspired by the micromechanical model of Rice and Tracy (1969), Bai and Wierzbicki (2008) 
assumed that the relationship between the fracture strain and triaxiality is in exponential form 
and they assumed a parabolic form to represent the influence of the Lode parameter. Hence the 
following form of the fracture locus was postulated: 
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     In this fracture locus function, six parameters of D1-6 need to be calibrated from experimental 
tests. Figure 2.8 shows a 3-D fracture surface for an aluminum alloy obtained from this model. 
 
Figure 2.8 – Fracture locus of AA2024-T351 in the space of fracture strain, stress triaxiality, and Lode parameter 
(Bai and Wierzbicki 2008). The symbols show experimental data. 
 
     It is worth mentioning that the shape of the locus of fracture strain versus stress triaxiality is a 
topic of debate. The phenomenological models described above commonly lead to a non-
monotonic fracture curve as shown in Figure 2.9(a) (blue curve). However, the experimental data 
of Haltom et al. (2013) and Ghahremaninezhad and Ravi-Chandar (2013) exhibited a monotonic 
trend (Figure 2.9b). It should be noted that the choice of gauge length is critical for shear loading 
and local shear strains measured microscopically near the fracture surface resolved from grain 
rotations can be much higher than the strains reported from DIC measurements that average the 
strains over a larger area (Rahmaan et al., 2017). 
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Figure 2.9 – Fracture strain versus stress triaxiality for (a) AA2024-T351 from Bai and Wierzbicki (2010) and (b) 
AA6061-T6 from Haltom et al. (2013). 
 
     The fracture models introduced above were proposed for isotropic materials and not 
applicable for anisotropic materials. However, these models have been modified in the literature 
to consider fracture of anisotropic materials. For instance, Luo et al. (2012) used the idea of 
linear transformation of the stress tensor commonly employed in developing anisotropic yield 
functions, to transform the plastic strain tensor and account for anisotropy in fracture strains 
within the phenomenological framework. Similar approaches were also used by Jia and Bai 
(2016) and Lou and Yoon (2017) for ductile fracture modelling of AZ31B magnesium and 6000 
series aluminum alloys, respectively. 
 
2.3.4. Damage under Proportional and Non-proportional Loading 
     Proportional loading condition is defined when the stress state remains constant during 
deformation. While achieving proportional loading is often desired for characterization of 
materials, understanding the behaviour of materials under non-proportional conditions is 
essential since in forming operations and in crash events, materials are subjected to complex 
stress state changes. Moreover, non-proportionalities commonly arise due to the structural 
response of materials such as bucking or plastic instability. The role of the non-proportional 
loading conditions on the yielding behaviour of materials is well-established with concepts of the 
kinematic hardening (Chaboche, 2008) and distortional hardening in homogeneous anisotropic 
(a)
(b)
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hardening (HAH) models (Barlat et al., 2011; 2017). As opposed to the published research on the 
role of non-proportionality on yielding response, there exist limited studies on fracture 
characterization of materials under non-proportional conditions.  
     Bao and Treitler (2004) performed notch compression tests on axisymmetric AA2024-T351 
bars followed by tension tests to fracture in which a substantial increase in ductility was reported 
due to the pre-straining in compression. Basu and Benzerga (2015) studied a conventional 
medium-carbon steel alloy by uniaxial tension with axisymmetric bars followed by machining 
notches on the specimen to increase the stress triaxiality. Moreover, the influence of the loading 
direction reversal on the onset of fracture of DP780 steel sheet was investigated by Marcadet and 
Mohr (2015) through compression-tension experiments (Figure 2.10) and it was reported that the 
strain to fracture was increased by pre-straining in compression. A similar study was also 
performed by Papasidero et al. (2015) on AA2024-T351 tubes by pre-straining the material in 
tension, compression, and torsion in which it was observed that applying pre-compression and 
pre-torsion increased the ductility while applying pre-tension reduced the ductility of the 
material. More recently, ten Kortenaar (2016) studied the influence of non-proportional loadings 
on fracture behaviour of a boron steel sheet under different loading conditions after imposing an 
initial biaxial pre-straining (Figure 2.11). 
 
Figure 2.10 – Non-proportional tests of (1) uniaxial compression (2) followed by unloading (3) and subsequent 
tension on a DP780 steel sheet (Marcadet and Mohr, 2015). Note that the symbols show the experimental data and 
the curves represent the results of a model described by Marcadet and Mohr (2015). 
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Figure 2.11 – Fracture strain versus triaxiality of a boron steel sheet after biaxial pre-straining (ten Kortenaar, 2016). 
 
     Uncoupled phenomenological models employ a damage parameter to predict material 
fracture. This variable is often taken as a weighted cumulative plastic strain, in which the 
weighting function accounts for the effect of the stress state on the fracture initiation. When the 
damage parameter reaches a critical value, the phenomenological models predict the onset of 
fracture. The damage parameter, D, can be written as: 
m
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where 
p
eq  is the equivalent plastic strain and m is the damage exponent. It is important to 
emphasize that the formulation in Eq. (2.21) is purely phenomenological and only strictly valid 
for proportional loading conditions. For the case of non-constant stress triaxiality and Lode 
parameter, Eq. (2.21) can be written in the incremental form, such that the cumulative D can be 
obtained with the following integration: 
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For the case of a linear damage accumulation with m=1.0, Eq. (2.22) reduces to: 
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     Eqs. (2.21-2.23) suggest that damage starts to accumulate from the onset of plastic 
deformation up to fracture when the damage parameter D reaches unity. As shown in Figure 
2.12, the rate of increasing D is determined by the exponent m in which slow (m1.0) to fast (m
1.0) rates of damage with respect to plastic deformation can be obtained, and m=1.0 results in a 
linear damage accumulation. Despite the importance of considering non-proportional loading 
conditions, to the author’s knowledge, there have not been any studies on fracture of magnesium 
alloys under severe changes of stress state to assess the approach of Eqs. (2.21-2.23) in treating 
damage under non-proportional conditions. 
 
Figure 2.12 – Accumulation of the damage parameter, D, with plastic deformation for different ranges of the 
damage exponent. 
 
2.4. Summary and Current Deficits in the Literature 
     Magnesium alloy sheets have attracted considerable attention because of their high strength-
to-weight ratio; however, due to poor ductility at room temperature, they currently have limited 
commercial applications. The low ductility is mainly related to the limited number of available 
deformation mechanisms in the hcp microstructure of magnesium alloys, while the 
asymmetry/anisotropy results from the directional sensitivity of twinning mechanisms and the 
strong crystallographic textures imposed during manufacturing processes. The addition of RE 
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elements to magnesium alloys has been reported to modify the texture leading to improved 
ductility. 
     The anisotropic constitutive response of materials with strong textures has been extensively 
studied in the literature through crystal plasticity and phenomenological approaches. The 
phenomenological models are mainly based on single or multiple linear transformations of the 
stress deviator and have been successfully applied to alloys with cubic and hcp crystallographic 
structures. Although this approach has been used for several hcp materials, such as AZ31B 
magnesium and titanium alloys, the literature review presented herein has not found studies for 
ZEK100-O magnesium alloy considering comprehensive investigations of appropriate yield 
functions used for modelling plasticity under a wide range of stress states. Furthermore, it was 
discussed that models based on the non-AFR provide some unique features that can be utilized to 
simulate the complex evolving anisotropic behaviour of magnesium alloys. Despite these 
benefits, plasticity models with the non-AFR have not been thoroughly evaluated for hcp alloys. 
Thus, there exists a need for modelling the plastic behaviour of magnesium alloys, capturing 
tension-compression asymmetry and their evolution. This is particularly the case of rare-earth 
magnesium alloys, despite their improved formability relative to the current AZ31B commercial 
alloy.  
     Micromechanical, CDM, and phenomenological approaches are used in the literature to 
characterize damage in ductile materials. While the first two approaches are coupled with the 
plastic constitutive model, phenomenological models are uncoupled from plasticity. The topic of 
the phenomenological fracture modelling of metals displaying fracture anisotropy has been 
barely touched in the literature; specifically, there are no research investigations in which the 
ductility of highly anisotropic RE magnesium sheets is addressed. The fracture response of 
ZEK100-O has not been studied in the literature under proportional loading conditions. 
Moreover, the fracture behaviour of magnesium alloys under non-proportional loading has not 
been investigated. Clearly, the fracture behaviour of rare-earth magnesium alloys, such as 
ZEK100-O requires further attention. 
  
 
 
24 
 
3. Objectives 
     The overall aim of this research project is to enhance understanding of the constitutive and 
fracture behaviour of anisotropic sheet materials exhibiting complex anisotropic and asymmetric 
yielding. To this end, an experimental effort to characterize the room temperature anisotropic 
constitutive plasticity and fracture response has been performed considering ZEK100-O 
magnesium alloy sheet. This material was selected since it exhibits strong evolving anisotropic 
and complex tension-compression asymmetric response and has potential for industrial 
application within light-weight automotive body panels. Constitutive models are developed to 
capture evolving anisotropy and tension-compression asymmetry and an assessment of current 
fracture methodology is undertaken for this material. Based on the current research needs 
identified in the preceding literature review, the primary objectives for this thesis are defined as 
follows: 
1. Characterize the constitutive plastic behaviour of ZEK100-O at room temperature, under 
quasi-static conditions for a range of proportional loading states; 
2. Develop a phenomenological plasticity model capturing the effects of evolving 
anisotropy and tension-compression asymmetry; 
3. Characterize the fracture response of ZEK100-O at room temperature, under quasi-static 
conditions under proportional and non-proportional loading conditions; 
4. Calibrate a phenomenological fracture model to assess the degree of anisotropy in 
fracture behaviour of the material; 
     Besides the experimental characterization tasks concerning the first and third objectives 
outlined above, the main goal of this work is the development of a material model applicable for 
finite element simulation of materials exhibiting complex evolving anisotropy and tension-
compression asymmetry. The proposed model will be implemented into the finite element code, 
LS-DYNA, which is commonly used in academia and industry to simulate metal forming and 
crash events. The finite element model will be able to predict the evolving anisotropy of the 
material with the aid of an advanced plasticity model which is not currently available in 
commercial finite element codes as built-in models. The model will be applied to simulate the 
characterization experiments as a form of validation/assessment of global and local stress and 
strain fields.  
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4. Results 
     This thesis is organized into several parts. Within this synopsis, an overview of the main 
research results and key findings is provided. More detail concerning the experimental 
methodology, modelling approach, and results is provided in Appendices A-D each of which is a 
distinct peer-reviewed article, either published or submitted for publication in international 
journals: 
 
Appendix A Abedini A, Butcher C, Nemcko M J, Kurukuri S, Worswick M J, Constitutive 
characterization of a rare-earth magnesium alloy sheet (ZEK100-O) in shear loading: 
studies of anisotropy and rate sensitivity, International Journal of Mechanical Sciences, 
2017, 128-129:54-69. 
 
Appendix B Abedini A, Butcher C, Worswick M J, An evolving non-associative anisotropic-
asymmetric plasticity model for magnesium alloys, Submitted for possible publication, 
2017. 
 
Appendix C Abedini A, Butcher C, Worswick M J, Fracture characterization of rolled sheet alloys in 
shear loading: Studies of specimen geometries, anisotropy, and rate sensitivity, 
Experimental Mechanics, 2017, 57:75-88. 
 
Appendix D Abedini A, Butcher C, Worswick M J, Experimental fracture characterization of an 
anisotropic magnesium alloy sheet in proportional and non-proportional loading 
conditions, Submitted for possible publication, 2017. 
 
     A number of tasks were undertaken in support of attaining the objectives defined for this 
research project. For the first objective, a large experimental campaign was required to reveal the 
plastic response of ZEK100-O sheet under different loading conditions with the applied loading 
along various orientations of the sheet. Detailed mechanical characterization tests of the subject 
material were conducted in tensile, compressive, and shear states to analyze the anisotropic-
asymmetric yielding and hardening behaviour of the material. The characterization experiments 
were performed at room temperature, under quasi-static conditions. The results of these 
experiments will serve to calibrate and validate material models in the subsequent steps of the 
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work described below. This work is summarized in Section 4.1, with additional detail provided 
in Appendix A. 
     The comprehensive characterization work performed in the previous task was critical to focus 
the material model development effort, establishing an understanding of the behaviour of the 
material under a range of stress states commonly observed in sheet metal forming operations and 
crash events. Consequently, an evolving anisotropic-asymmetric material model was developed 
along with a non-associative flow rule in Appendix B to simulate the response of the material 
under different loading conditions. Section 4.2 briefly describes the development of the material 
model which is shown to be capable of capturing the complex behaviour of the material along 
with validations of the model through single-element simulations. Furthermore, to assess 
predictive capabilities of the model, full-scale simulations of coupon-level formability tests were 
performed and compared with experimental results in terms of global load-displacement as well 
as local strain fields, as summarized in Section 4.2 with additional detail provided in Appendix 
B. 
     In addition, a large number of experiments were performed to obtain the fracture behaviour of 
ZEK100-O, under various stress states with the results serving to achieve the third and fourth 
objectives of the research. In a similar manner to the plastic characterization tests, fracture tests 
were performed in different orientations with respect to the rolling direction of the sheet to reveal 
the anisotropic fracture behaviour of the material. Due to the importance of the shear state, 
Appendix C provides detailed experimental methodologies to obtain the response of the material 
under this state of stress while Appendix D supplies an overview of the fracture behaviour of the 
material over a wide range of stress states under proportional and non-proportional loading 
conditions. A synopsis of the key outcomes of Appendices C and D are given in Section 4.3. 
     The present research was focused on magnesium alloys to develop the methodology for 
characterization of plasticity and fracture. However, due to the complexities associated with 
magnesium, other alloys were also considered along with the magnesium to provide a contrast 
and to help evaluate the methods (with the papers listed in Appendix E). Specifically, a 
calibration constraint was proposed by Abedini et al., (2017b) for shear regions of plastic 
potential function and the constraint have been employed to develop the plasticity model in 
Appendix D as summarized in Section 4.2.  
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4.1. Constitutive Plastic Characterization 
     As described in Section 2.2.1, a significant anisotropy is commonly observed in plastic 
response of commercial sheets. To reveal these characteristic features, a comprehensive 
experimental program is required, and the goal of the present section is to describe these 
experiments and analyze their outcomes concerning the constitutive plastic response of a 
magnesium alloy sheet, ZEK100-O. 
 
4.1.1. Material 
     The chemical composition of the 1.55 mm ZEK100-O rolled sheet is presented in Table 4.1. 
Neodymium (Nd) is the rare-earth element of the alloy that is known to randomize the texture 
and improve its formability. X-ray diffraction (XRD) analysis was performed and, as shown in 
Figure 4.1, the texture of ZEK100-O exhibits a spread of the basal poles along the transverse 
direction which is typical of rare-earth magnesium rolled sheets. It has been reported in the 
literature that the main role of the rare-earth addition is to randomize the texture (Imandoust et 
al., 2017) by spreading the c-axes along the transverse direction. Thus, compared to AZ31B, 
ZEK100-O possesses a relatively weaker basal texture that translates to higher ductility; 
however, the in-plane anisotropy is stronger due to differences in the texture along the transverse 
versus rolling directions (Kurukuri et al., 2014a; Habib et al., 2017). It is discussed by Kurukuri 
et al. (2014b) that peak intensity of the pole figure of ZEK100 is about one-fourth of AZ31B that 
leads to superior ductility of ZEK100 compared to AZ31B. 
 
Table 4.1 – Chemical composition of ZEK100-O. 
Chemical Composition Zn Nd Zr Mn Mg 
 (%wt) 1.3 0.2 0.25 0.01 balance 
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Figure 4.1 – XRD pole figures of the as-received ZEK100-O sheet. X and Y axes refer to the transverse and rolling 
directions, respectively. 
 
4.1.2. Experiments and Methodology 
     The response of the material under different stress states was investigated at room 
temperature under quasi-static conditions (equivalent von Mises strain rate of approximately 
0.001 s
-1
). Uniaxial tensile tests were conducted using sub-sized ASTM E8 specimen shown in 
Figure 4.2(a) with samples extracted from the rolling direction (RD or 0°) to the transverse 
direction (TD or 90°) of the sheet in 15° increments (i.e. 0°, 15°, 30°, 45°, 60°, 75°, 90°). 
Furthermore, the experimental methodology of Kurukuri et al. (2014a,b) and Steglich et al. 
(2014) was followed for compressive states in which the adhesively bonded sample shown in 
Figure 4.2(b) was utilized. The compression tests were performed in the three directions of the 
RD, DD (45°), and TD with a custom-made compression device (see Appendix A for more 
detail). In addition, the same specimen geometry as in Figure 4.2(b) was employed to apply 
through-thickness compression loading to characterize the behaviour of the material under the 
equal-biaxial tensile stress state. Note that as discussed by Steglich et al. (2014), the through-
thickness compression and equal-biaxial tensile states result in same deviatoric stress tensors and 
most yield functions assume that plastic yielding is independent from the hydrostatic stress, thus 
the through-thickness compression test can be employed as an alternative to the more 
complicated cruciform or bulge tests. 
     The shear response of the material was studied using a specimen type adopted from Peirs et 
al. (2012) with the geometry depicted in Figure 4.2(c). Shear samples were fabricated from the 
sheet to apply loading in the 45°, 90°, and 135° directions with respect to the rolling direction of 
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the sheet. The choice of the test orientations for shear tests is further discussed in Section 4.1.3 
and in detail in Appendix A. The experiments described above were recorded using two digital 
cameras to obtain stereoscopic full-field logarithmic strains measurements using digital image 
correlation (DIC) techniques. To ensure repeatability of the experimental results, at least four 
specimens were tested for each specimen geometry and orientation. The tensile and shear 
experiments were performed using an MTS Criterion Model 45 servo-electric tensile frame while 
the compression tests were conducted with the custom-made compression rig installed on an 
Instron model 1331 servo-hydraulic tensile frame. More detail concerning the experimental 
methodology, specimen preparations, and extracting stress and strain data can be found in 
Appendix A. 
 
Figure 4.2 – Specimen geometries of (a) sub-sized ASTM E8, (b) stacked compression, and (c) shear. All 
dimensions are in millimetres. 
 
4.1.3. Overview of Results 
     The constitutive plastic behaviour of the material under different loading conditions is shown 
in Figure 4.3. Note that the tensile data in Figure 4.3 is depicted up to the onset of necking, 
compressive results are shown up to the onset of delamination of specimens, and shear data is 
shown until fracture. It is apparent from Figures 4.3(a-c) that ZEK100-O displays a tension-
compression asymmetric response which is due to the twinning mechanisms that are more 
dominant under the compression mode (Kurukuri et al., 2014a,b). Moreover, the evolving tensile 
r-values in Figure 4.3(d) highlight the evolution of the texture with deformation. Note that the 
5
0
25
3
R3
R2
Force
Force
1
2
0 6
10 7.8
7
.8
(a) (c)
(b)
 
 
30 
 
tensile response is only shown in three directions (RD, DD, and TD) in Figure 4.3 for brevity. 
The response of the material under the equal-biaxial tension state is shown in Figure 4.3(e) in 
which the uniaxial tensile response in the RD and TD orientations is also depicted for 
comparison. It can be seen that the equal-biaxial response of the material lies between that of the 
uniaxial tensile states. In addition, Figure 4.3(f) presents the behaviour of the material 
undergoing shear deformation in which anisotropy is apparent for initial yielding and hardening 
rates. The hardening response of the sample in 135° in Figure 4.3(f) exhibits a sigmoidal 
extension twinning signature which was confirmed by electron backscattered diffraction (EBSD) 
analysis of the microstructure of deformed specimens as described in Appendix A. It is worth 
mentioning that, as shown in Figure 4.4 for a shear test in the 135° orientation, the relationship 
between displacement and shear strain is not linear. In order to better observe the degree of 
anisotropy, uniaxial responses are compared in Figure 4.5 in terms of tensile (Figure 4.5a) and 
compressive (Figure 4.5b) behaviour. It is clear that the hardening rates and initial yield stresses 
show significant orientation dependency.  
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Figure 4.3 – Plastic response of ZEK100-O at room temperature under quasi-static strain rate of 0.001 s-1 for 
different loading conditions of (a) uniaxial loading in RD, (b) uniaxial loading in DD, (c) uniaxial loading in TD, (d) 
tensile r-values, (e) equal-biaxial tension, and (f) shear. The shear stress results are plotted with respect to the plastic 
component of shear strain. 
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Figure 4.4 – DIC shear strain with respect to far-field displacement for a shear test in the 135° orientation. 
 
 
Figure 4.5 – (a) tension and (b) compression responses of ZEK100-O in different orientations. 
 
     In addition, it is shown in Appendix A that the plastic response obtained from shear tests in 
the 0° and 90° are almost identical while the responses in the 45° and 135° are significantly 
different, in contrast to common observations for orthotropic sheets.  The reason behind similar 
responses in the 0° and 90° directions in shear state can be explained by considering an ideal 
shear loading condition for which the principal loading directions are offset by  45° relative to 
the applied shear loading direction with equal and opposite magnitudes. The Mohr's circles for 
applied shear loadings in the 0, 45°, 90° and 135° directions are presented in Figure 4.6 to 
demonstrate the principal stress magnitudes and directions and how these act on the various 
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material directions for each load orientation. For example, for the shear experiments with the 
applied load in the rolling direction (0°), the tensile component of the principal stress is in the 
45° direction while the compressive component is in the 135° direction. The opposite condition 
holds for the shear tests loaded in the 90° orientation where the principal stress in the 45° 
direction is compressive and the principal stress in the 135° direction is tensile (see conditions 1 
and 3 in Figure 4.6). The material has the same tensile/compressive properties in the 45° and 
135° directions, and as a result, the shear responses in the 0° and 90° orientations should be 
identical. 
 
Figure 4.6 – Shear testing directions with their corresponding Mohr’s circles. 
 
     When one considers the principal directions of the shear tests loaded in the 45° and 135° 
orientations, the tests in the 45° direction have a principal tensile component in the 0° and a 
compressive component in the 90°, whereas the shear tests in the 135° direction have a principal 
compressive component in 0° and a tensile component in the 90° (see conditions 2 and 4 in 
Figure 4.6). As shown earlier in Figures 4.3(a) and (c), ZEK100-O possesses a strong tension-
compression asymmetry so that the response of the material in the rolling (0°) and transverse 
(90°) directions are significantly different in tension versus compression leading to the 
remarkable difference in the shear response of the material when loaded in the 45° versus the 
135° directions. The above explanation is the underlying reason for the difference in the response 
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between the 45° and 135° directions shown in Figure 4.3(f). The principal stress directions and 
magnitudes are the same but the signs of the principal stresses are opposite which triggers the 
asymmetric response of the material. Furthermore, it is shown in Appendix A that the principal 
stresses for tests in the 45° and 135° directions are located within the second and fourth 
quadrants of yield loci. This key result demonstrates that in addition to an asymmetric response 
in the 1
st
 and 3
rd
 quadrants of yield loci (tensile and compressive regions), an additional 
asymmetry exists between the 2
nd
 and 4
th
 quadrants for magnesium alloys. Note that the 
deformation mechanisms accommodating plastic deformation are different for shear tests in the 
45° and 135° directions and the activity of twinning mechanisms in each of these tests was 
quantitatively investigated using the EBSD analysis in Appendix A. 
     In summary, the experimental results presented in this section show the challenging nature of 
ZEK100-O in terms of modelling and characterization and highlight a need for accurate 
constitutive plasticity models that are able to capture the complex anisotropy and asymmetry of 
the material. This asymmetry is shown to extend to the 2
nd
 and 4
th
 quadrants of the yield loci. 
Development of a plasticity model capable of capturing these features is pursued in Section 4.2. 
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4.2. Phenomenological Plasticity Model 
     The experimental data presented in Section 4.1 has served to characterize the significant 
anisotropy present in the plastic response of ZEK100-O sheet and highlighted the need for 
accurate modelling approaches. To address this requirement, a phenomenological plasticity 
approach is adopted and developed in the present section. An overview of the modelling 
approach and resulting predictions are given in this section while more detailed explanations can 
be found in Appendix B. 
 
4.2.1. Modelling Approach 
     The phenomenological yield criterion of CPB06 proposed by Cazacu et al. (2006) was 
adopted in the present study to investigate the yielding behaviour of ZEK100-O. In analogy to 
Plunkett et al. (2008), two linear stress transformations were performed to increase the degree of 
flexibility of the model, denoted as CPB06ex2, (see Eqs. 2.10-12 for formulation of the model).   
     The non-associative flow rule was employed in the present study with the same functional 
form as the yield function to define the plastic potential,  , to which the plastic strain 
components are normal and their magnitudes are governed by: 
 
pd d  


                                                             (4.1) 
where 
pd  is the increment of plastic strain tensor, and dλ is the plastic multiplier. Using the 
principal of plastic work equivalence and assuming that the plastic potential is a first-order 
homogeneous function, the following relation can be used to calculate the equivalent plastic 
strain (Cvitanic et al., 2008): 
p
eq
d


d                                                     (4.2) 
in which   is the yield function. For the associative flow rule (   ), Eq. (4.2) reduces to: 
p
eq
d d                                                        (4.3) 
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     The values of the coefficients of transformation tensors and strength differential parameters 
(see Appendix B) can be determined from an optimization approach to minimize the errors 
between the experimental data and the values predicted by the yield function and plastic 
potential. In the present study, the genetic algorithm (GA) which is a global optimizer available 
in Matlab
®
 was used to minimize “Error” given by: 

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where j, k, and l are the number of tensile, compressive, and shear stresses, respectively. Note 
that the superscripts t and c show the tension and compression values. In addition, the subscripts 
exp and CPB show whether the values are from experiments or from the model. To calibrate the 
plasticity model, seven uniaxial tensile yield stresses and r-values were used along with an equal-
biaxial yield stress and r-value (j=8). Moreover, three uniaxial compression yield stresses (k=3), 
and three shear stresses (l=3) were utilized. Note that the first three terms in Eq. (4.4) are 
considered for calibrating the yield function while only the last term in Eq. (4.4) is needed to 
calibrate the plastic potential. In addition, the shear constrained proposed by Abedini et al. 
(2017b) was imposed on the plastic potential to obtain equal and opposite principal strains under 
shear state. 
     Since magnesium alloy exhibits an evolving anisotropic response, in the present study, the 
experimental values corresponding to nine levels of plastic work per unit volume, w
p
, associated 
with equivalent plastic strains of 0.01 to 0.09 for uniaxial tension in reference direction of the 
RD were considered to calibrate the coefficients of the yield function and plastic potential. To 
determine the current yield function and plastic potential, an interpolation-based methodology 
described in Appendix B was adopted. Note that instead of interpolating the coefficients of the 
model, the yield function and plastic potential were interpolated directly to ensure that the shapes 
of loci are interpolated accurately. Also note that the upper bound value of the plastic work level 
for calibration of anisotropic yield function and plastic potential is limited by the onset of plastic 
instability (necking) for the tensile test in the RD direction which occurs at a strain of 
approximately 0.09. Due to this limitation, it was assumed that the shape of the yield loci and 
plastic potential remain constant after this level of plastic deformation. The model was 
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implemented into LS-DYNA as a user material subroutine (UMAT) for general 3-D stress states 
to better capture through-thickness stress and strain fields. More information regarding the 
numerical implementation and finite element discretization can be found in Appendix B. 
 
4.2.2. Yield Function and Plastic Potential  
     The coefficients of the yield function and plastic potential of ZEK100-O at different plastic 
work levels were calibrated, and, for brevity, only three levels of plastic deformation are shown 
in this section (plastic work levels of 2.24 MJ/m
3
, 14.61 MJ/m
3
, and 22.46 MJ/m
3
 associated 
with plastic strains of 0.01, 0.06, and 0.09, respectively). The prediction of the corresponding 
yield functions and plastic potentials are shown in Figures 4.7 to 4.9. It can be seen that the 
CPB06ex2 yield function and plastic potential can be fit to the measured data with good 
accuracy. For the smallest plastic work level of 2.24 MJ/m
3
 which is close to the initial yielding 
of the material, it can be seen from Figure 4.7 that the material has a clear tension-compression 
asymmetry with the tension region having larger yield stresses than the compression region. The 
tension-compression asymmetry of yield loci reduces with deformation due to the high hardening 
rate in compression offsetting its initially lower yield strength with respect to tension as shown in 
Figure 4.8 for the plastic work level of 14.61 MJ/m
3
. At the plastic work level of 22.46 MJ/m
3
 
(Figure 4.9) the yield stresses in compression have grown larger than in tension which is 
opposite to that observed for the material at the onset of yielding. Note that this material exhibits 
asymmetry not only in the tension-compression regions but also in the shear regions 
corresponding to the 2
nd
 and 4
th
 quadrants of the yield loci. This shear asymmetry correlates with 
the sign of the principal stresses acting under the shear state, activating different types of 
deformation mechanisms as described in Section 4.1.3. 
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Figure 4.7 – (a) Yield function and plastic potential and (b) uniaxial yield stress ratios and r-values at a plastic work 
level of 2.24 MJ/m
3
. Symbols show the experimental results. The symbol X was used to show the locations on the 
plastic potential where constraints were imposed. 
 
Figure 4.8 – (a) Yield function and plastic potential and (b) uniaxial yield stress ratios and r-values at a plastic work 
level of 14.61 MJ/m
3
. Symbols show the experimental results. The symbol X was used to show the locations on the 
plastic potential where constraints were imposed. 
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Figure 4.9 – (a) Yield function and plastic potential and (b) uniaxial yield stress ratios and r-values at a plastic work 
level of 22.46 MJ/m
3
. Symbols show the experimental results. The symbol X was used to show the locations on the 
plastic potential where constraints were imposed. 
 
     It is instructive to perform a comparison between the AFR and non-AFR frameworks in terms 
of their capabilities to capture the experimental data. Since the yield function and plastic 
potential in the non-AFR model each have two stress transformations (i.e. CPB06ex2), in order 
to provide a fair comparison, the AFR model was calibrated with four stress transformations (i.e. 
CPB06ex4) to have a similar number of calibration coefficients. The same calibration strategy 
described in Section 4.2.1 was used to obtain the coefficients of the CPB06ex4 model for a 
selected plastic work level of 22.46 MJ/m
3
 and its results are compared with that of the non-AFR 
model in Figure 4.10. It can be seen that the AFR model with four linear stress transformations 
can reproduce the experimental data with a reasonably good accuracy; however, the agreement is 
not as good as with the non-AFR model. Keeping in mind that the two models have a similar 
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Figure 4.10 – (a) Yield function and (b) uniaxial yield stress ratios and r-values of AFR and non-AFR models at a 
plastic work level of 22.46 MJ/m
3
. Note that two separate stress transformations were used for the non-AFR yield 
function and flow potential (CPB06ex2), while four stress transformations were used for the AFR model 
(CPB06ex4). Symbols show the experimental results. 
 
4.2.3. Finite Element Implementation 
     In order to evaluate the accuracy of the implemented plasticity model, simulations utilizing a 
single 3-D brick element under different proportional loading conditions were used to predict the 
stress-strain response and evolution of r-values of the material. An important advantage of 
single-element simulations is that any desired stress state can be achieved without structural 
complexities such as buckling, plastic instability, and necking. Figure 4.11 displays comparisons 
between predicted and measured results (see Section 4.1) under different stress states from which 
it can be seen that the model is capable of capturing the experimental trends with good accuracy. 
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the material in different orientations are reproduced with great accuracy. Also comparing to the 
experimental data, the model performs well under equal-biaxial tension and shear states, as 
shown in Figures 4.11(d) and (e), respectively. Moreover, the r-value evolutions are captured 
with reasonable accuracy in Figure 4.11(f). It should be noted that due to the inherent nature of 
the piece-wise linear interpolation approach, more accurate predictions can be achieved with 
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higher number of calibrations levels that leads to better numerical correlations at the cost of more 
expensive models. 
 
Figure 4.11 – Experimental data compared with predictions of a single-element model for uniaxial loading in (a) RD 
(b) DD, (c) TD, (d) equal-biaxial tension loading, (e) shear loading, and (f) uniaxial tensile instantaneous r-values. 
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implemented non-AFR plasticity model. More information about these coupon-level tests is 
given in Section 4.3.1 and in detail in Appendix B. In these tests, the material undergoes 
different stress states that are commonly experienced in practical sheet metal forming operations 
and crash events. In the present section, the experimental and simulation data are compared in 
terms of global load-displacements while more detail concerning correlations between the model 
predictions and experiments including local strain values is given in Appendix B. Figures 4.13 
and 4.14 compare the measured and predicted load-displacement responses of the in-plane 
tensile (hole tension and notch tension) and dome tests, respectively. The experimental data are 
plotted up to appearance of the first visible surface crack on the DIC images which is followed 
by a sudden load drop. In general, it can be seen that the agreement between the model and 
experiments are reasonably good for different test geometries and orientations. 
 
Figure 4.12 – Specimen geometries of (a) hole tension, (b) notch tension, (c) plane-strain dome, and (d) equal-
biaxial dome tests. All dimensions are in millimetres. 
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Figure 4.13 – Experimental data compared with predictions of the finite element model in terms of force-
displacements for the in-plane tensile loadings of (a) hole tension, and (b) notch tension tests. 
Figure 4.14 – Experimental data compared with the predictions of the finite element model in terms of the punch 
force-displacements for the dome tests with (a) plane-strain, and (b) equal-biaxial specimens. 
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to the extent of evolution of the plasticity model. For the hardening response, a Hockett-Sherby 
(Hockett and Sherby, 1975) equation was fit to uniaxial data in which for large strains (after 
necking) an area-reduction method was employed (see Appendix B). This procedure was 
followed by iteratively adjusting the flow curve in a finite element model of the tensile specimen 
until the measured and predicted load-displacement curves were matched; however, this 
approach does not guarantee that the hardening function is accurate. Also as mentioned earlier, 
the developed plasticity model evolves up to the limiting plastic work level of 22.46 MJ/m
3
 (9% 
plastic strain for uniaxial tension test in the RD) after which the shapes of the yield function and 
plastic potential remain constant with further plastic deformation. After this point, the stress 
states deviate from the desired uniaxial loading. Nevertheless, it is expected that the anisotropy 
evolution or distortional hardening of the material persists in terms of the stress anisotropy after 
this point, however, this cannot be measured with the current characterization tests that are 
limited by the onset of plastic instability (necking). 
     In addition, it can be observed from Figure 4.14(a) that the punch force-displacements 
obtained from the finite element model are in accordance with the experimental results for the 
plane-strain dome tests in both orientations of the RD and TD. It should be noted that compared 
to the in-plane tensile tests, plane-strain dome tests result in relatively lower strains before 
fracture. It can be seen from Figure 4.14(b) that the model over predicts the punch force for the 
equal-biaxial dome test by approximately 12%. A large region of the dome specimen experiences 
the equal-biaxial tensile condition and in the plasticity model, this state of stress should be 
calibrated with great accuracy so that precise load-displacements can be obtained from the equal-
biaxial dome test simulations. It can be seen from Figure 4.11(d) that the plasticity model is well-
calibrated under this state of stress. Therefore, the discrepancy between the model and 
experiments might be related to the type of the characterization test (through-thickness 
compression test) that was used for the equal-biaxial condition. Obtaining the equal-biaxial 
tensile stress-strain response of sheet materials is difficult and the through-thickness compression 
test (e.g. Steglich et al., 2014; Ghaffari Tari et al., 2014) is used as an alternative to cruciform 
(e.g. Kuwabara et al., 1998) or hydraulic bulge (e.g. Koc et al., 2011) tests. For the magnesium 
alloy used in the present study, based on the predictions of the biaxial dome model, it appears 
that the through-thickness compression test overestimates the biaxial response of the material. It 
should be noted that the cruciform and bulge tests have their own shortcomings, for instance, the 
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cruciform test is only suitable for small plastic deformation and it requires complex specimen 
preparations (Bruschi et al., 2014), and the stress state in bulge tests is only approximately equal-
biaxial (Aretz and Barlat, 2013). Keeping in mind these discrepancies, further investigations with 
other biaxial testing methods of cruciform and bulge tests are required to provide a better picture 
of the equal-biaxial response of the material. 
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4.3. Fracture Characterization 
     With the increased adoption of light-weight alloys for automotive structural components, 
significant weight reductions have been achieved; however, the fracture behaviour of these 
materials must be investigated to support predictions of their formability during manufacturing 
and fracture during crash events. It was observed in Section 4.1 that ZEK100-O sheet exhibits a 
significant evolving constitutive anisotropy and tension-compression asymmetry. The present 
section aims at characterizing the fracture behaviour of ZEK100-O under different stress states, 
as well as different test orientations with respect to the rolling direction of the sheet to assess 
fracture anisotropy. 
 
4.3.1. Experiments and Methodology 
     The different types of specimens used for fracture characterization of ZEK100-O under 
various proportional loading conditions are shown in Figure 4.15. In the current experiments, the 
uniaxial tensile state was achieved with the hole tension specimen depicted in Figure 4.15(a). 
Typically, uniaxial tensile tests are performed with dogbone specimens; however, necking at low 
deformation levels limits their utility for studying fracture characterization at constant stress 
triaxiality. Compared to conventional dogbone specimens, the hole tension specimen shown in 
Figure 4.15(a) can delay the onset of necking and is a more representative test for fracture 
behaviour of materials under uniaxial tension conditions (Dunand and Mohr, 2010; Luo et al., 
2012; Kofiani et al., 2013; Roth and Mohr, 2016).  
     Classical notch tensile tests (e.g. Dunand and Mohr, 2010; Lou and Yoon, 2017) were 
adopted to assess fracture strains at stress states between uniaxial and plane-strain tension. The 
notched specimen depicted in Figure 4.15(b) was utilized for in-plane experiments. The hole 
tension and notch tension tests were conducted in three orientations (RD, DD, and TD). 
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Figure 4.15 – Specimen geometries of (a) hole tension, (b) notch tension, (c) shear, (d) butterfly, (e) plane-strain 
dome, and (f) v-bend and equal-biaxial dome tests. All dimensions are in millimetres. 
 
     The shear specimen geometry (Figure 4.15c) employed for constitutive characterization (in 
Section 4.1) was also utilized to obtain the fracture response of the material under the shear state. 
In addition to this shear geometry, the butterfly specimen (Mohr and Henn, 2007; Dunand and 
Mohr, 2011) shown in Figure 4.15(d) was used to study the influence of the specimen geometry 
on shear fracture strains. More information on the butterfly testing is given in Appendix C. The 
shear tests were performed in three material directions (0° or RD, 45°, and 135°) with respect to 
the rolling direction. Note that the butterfly specimen can also be used to impose a plane-strain 
tension condition, as shown schematically in Figure 4.16. Due to the large gauge width of the 
specimen, the strain along the width direction is approximately zero at the center of the 
specimen. This state of stress is critical for formability and fracture characterization of sheet 
metals (Mahmudi, 2009). Three different types of plane-strain tests were considered in the 
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present study, namely, the plane-strain butterfly test, the hemispherical dome test, and tight-
radius v-bend test shown in Figures 4.15(d), (e), and (f), respectively. The v-bend tests were 
done in the three directions of the RD, DD, and TD, while the plane-strain butterfly and dome 
tests were done in the RD and TD directions. All of these specimens possess wide gauge widths 
that facilitate achieving a plane-strain condition with zero in-plane minor strain at the center of 
the gauge area. Finally, testing under the equal-biaxial tension state was conducted using a 
hemispherical dome test with 200 mm200 mm blanks depicted in Figure 4.15(f). 
 
Figure 4.16 – Butterfly specimen under (a) shear, and (b) plane-strain tension states. 
 
     The experiments described above were performed with different types of equipment. The 
shear, hole tension, and notch tension tests were performed using a 100 kN MTS Criterion 
Model 45 servo-electric apparatus. The plane-strain butterfly test was performed with a butterfly 
rig (see Appendix C) and the plane-strain and equal-biaxial dome tests were conducted on a 
MTS formability press with tooling that conforms to the ISO12004-2 standard. Furthermore, the 
v-bend tests were done with a v-bend tester in which the custom-made apparatus allows for 
direct strain measurements (Cheong et al., 2017) and the tests were performed according to the 
VDA 238-100 criterion utilizing a knife with a tip radius of 0.4 mm. Note that in all the tests in 
which tooling contact is required for deformation (dome and v-bend tests), Teflon
®
 film 
lubricated with Vaseline
®
 was used to reduce the influence of friction. The experimental tests 
described above were recorded using two digital cameras to obtain stereoscopic full-field 
logarithmic strains measurements using digital image correlation (DIC) techniques. To assess 
repeatability of the experimental results, at least four specimens were tested for each specimen 
geometry and orientation. More detail concerning the experimental methodology, DIC 
parameters, specimen preparations, and extracting fracture strains can be found in Appendices C 
and D. 
Force Force
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4.3.2. Overview of Results (Proportional Conditions) 
     Figure 4.17 displays the measured DIC strain paths to fracture for selected specimens in 
which the anisotropy in the behaviour of the material along different orientations is apparent. 
The strain paths associated with isotropic materials are also plotted in Figure 4.17 for 
comparison. It can be seen that the responses are substantially different from isotropic 
conditions. In addition, significant deviation from ε1= ε2 is observed for the equal-biaxial 
specimen that can be attributed to localization. To better visualize the anisotropy, the MMC 
phenomenological fracture curve (described in Appendix D) shown in Figure 4.18 was calibrated 
to the experimental data for loading along the RD, DD, and TD. When it comes to stress-state 
dependency, it can be seen from Figure 4.18 that the plane-strain tension condition has the 
lowest fracture strain closely followed by the shear state, while the material shows the highest 
ductility under the uniaxial tension condition for all orientations. In terms of anisotropy, it can be 
seen that the DD direction possesses the highest ductility while the fracture strains in the RD and 
TD directions are comparable. Anisotropy in fracture is the most significant under the uniaxial 
tension condition in which the DD direction displays approximately 20% higher ductility than 
the RD and TD directions, while the plane-strain condition exhibits a less significant directional 
sensitivity. 
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Figure 4.17 – Strain paths to fracture for different proportional tests. Strain paths for isotropic materials are also 
shown for comparison (black dashed lines). 
 
 
Figure 4.18 – MMC fracture loci under proportional loading conditions. Symbols and error bars show the 
experimental data. 
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     Figure 4.19 compares the results of the shear specimen in Figure 4.15(c) and the butterfly 
specimen (Figure 4.15d). It can be seen that the butterfly specimen resulted in lower fracture 
strains with higher variations that could be the result of machining-induced defects during the 
through-thickness machining of the butterfly gauge region. Therefore, shear specimens without 
through-thickness machining are preferred for fracture characterization under shear loading 
conditions to reduce uncertainties and imperfections from the machining process. Furthermore, 
for materials with variation of properties through the sheet thickness, specimens with through-
thickness machined regions characterize the sheet properties near the mid-plane, while 
specimens without through-thickness machining provide a more representative average response 
of the sheet in shear loading condition. Note that a similar behaviour was also observed in the 
shear response of a DP780 steel sheet with more detail provided in Appendix C. 
 
Figure 4.19 – Fracture strains obtained with different shear specimens. “Mini-shear specimen” refers to the 
specimen geometry depicted in Figure 4.15(c). 
 
     Due to the importance of the plane-strain state, strain paths of the plane-strain tests are 
compared in Figure 4.20. It can be seen that all of the tests lead to strain paths close to the 
desired plane-strain condition with relatively small minor strains. The strain path of the v-bend 
test lies almost perfectly on the zero minor strain line and the strain path of the butterfly test is 
close to the plane-strain condition; however, the plane-strain dome test shows some deviation 
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from an ideal plane-strain path for small deformation which is due to the biaxial bending 
associated with the dome radius (Hotz and Timm, 2008). Furthermore, in terms of the fracture 
strains in Figure 4.20, it can be observed that the v-bend test results in a higher fracture strain 
than the other two tests, specifically, the fracture strain is significantly higher than that of the 
plane-strain butterfly test. In a similar manner to the butterfly shear tests explained above, it is 
expected that the imperfections due to the through-thickness machining of the butterfly specimen 
are the underlying reason for lower fracture strains compared to the other plane-strain specimens. 
 
Figure 4.20 – Strain paths to fracture for different plane-strain tests. All the tests were performed in the RD. 
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scaled-up tensile specimen and an equi-biaxial Marciniak specimen. The uniaxial tensile test was 
performed in the rolling direction of the sheet using the MTS tensile frame. The first stages of 
deformation with uniaxial and equi-biaxial tension states were stopped at a plastic work level of 
22.46 MJ/m
3
. This deformation level was chosen since it corresponds to the onset of necking in 
the uniaxial tension test in the RD, thus the two first stages of deformation were interrupted at 
the same plastic work level.  
Figure 4.21 provides a concise summary of results of the non-proportional tests. These results 
suggest that the damage mechanisms responsible for fracture in the shear and plane-strain 
tension states are different such that only the damage mechanisms in the plane-strain condition 
were affected by pre-straining. In other words, the shear fracture response of the material after 
uniaxial or biaxial pre-straining is similar to the behaviour of the un-deformed material. In 
addition, pre-straining prior to the plane-strain tension tests results in different impacts on the 
fracture strains if the initial deformation is uniaxial or biaxial. 
     Moreover the results of the non-proportional tests were analyzed using a damage indicator 
relation in the form of Eq. (2.21) where different values of m=0.5, 1.0, 1.5 were considered (see 
also Figure 2.12) and the corresponding predictions are shown in Figure 4.21. It can be seen that 
increasing the value of the damage exponent leads to better fracture predictions for the shear 
state for both pre-straining conditions; however, the damage exponent of unity provides the best 
prediction for the plane-strain tension test after biaxial pre-straining. It is evident from the 
comparison between the model predictions and measured fracture strains that no one value of 
damage exponent can capture the measured trends. More discussion on this topic is provided in 
Appendix D. 
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Table 4.2 – Description of stress state change in non-proportional tests. 
 
 
 
Figure 4.21 – Influence of the damage exponent, m, on non-proportional fracture predictions with (a) biaxial pre-
straining and (b) uniaxial pre-straining (along RD). Load path histories are shown as blue curves. Predictions of 
fracture strain using the damage indicator approach for a range of damage exponents (m = 0.5, 1.0, 1.5) are plotted 
as red symbols and corresponding values of m are indicated. For reference, the proportional fracture locus in the RD 
is also plotted (green curve). 
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5. Summary 
     A detailed characterization of plasticity and fracture responses of ZEK100-O sheet at room 
temperature, under quasi-static conditions was performed. In particular, emphasis was placed on 
characterizing the complex evolving anisotropy and tension-compression asymmetry of the 
material. The r-values displayed evolving trends that suggested the evolution of the texture of the 
material with deformation. Furthermore, it was shown that the material exhibits asymmetry in 
the 2
nd
 and 4
th
 quadrants of yield loci in which the shear state dominates. The asymmetric 
behaviour is mostly attributed to activations of twinning mechanisms that accommodate plastic 
deformation. Moreover, the results of a comprehensive fracture testing program under different 
stress states and orientations showed a stress state dependent fracture response. It was revealed 
that the fracture response of the material is anisotropic, specifically in the uniaxial tension 
condition while the anisotropy in fracture was small under the plane-strain tension state. 
     An important achievement of this work was the development of a material model capable of 
considering evolving anisotropy/asymmetry of the magnesium alloy under proportional loading 
conditions. The non-associative flow rule was employed with the CPB06ex2 formulation along 
with an interpolation approach to capture the complex plastic response of ZEK100-O. 
Furthermore, it was shown that the flexibility of the non-AFR model to capture the experimental 
data is superior to that of the AFR model with the same number of calibration parameters. The 
model based on the non-AFR was implemented in LS-DYNA and validated using single-element 
and large-scale simulations. The results of the single-element simulations showed that the model 
was able to reproduce the experimental data used for calibration, and the results of the full-scale 
simulations of hole tension, notch tension, and dome tests showed that predictions of the model 
were in good agreement with experimental results in terms of both global and local responses. 
Thus, the current work demonstrated the advantages of employing a non-associative flow rule 
where its high flexibility facilitates capturing complex anisotropic responses as observed in 
magnesium alloys.  
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6. Conclusions 
The following conclusions are drawn from this research: 
 A strong evolving anisotropy and tension-compression asymmetry was observed in the 
plastic response of ZEK100-O rare-earth magnesium sheet, at room temperature, under 
quasi-static conditions. The r-values significantly evolved with plastic straining that 
suggests the evolution of the texture of the material with deformation. In addition to 
tension-compression asymmetry in the 1
st
 and 3
rd
 quadrants of the yield loci, an 
additional asymmetry in the shear zones corresponding to the 2
nd
 and 4
th
 quadrants of the 
yield loci was observed that was correlated to the underlying deformation mechanisms 
and was supported by the EBSD analysis. 
 
 The CPB06ex2 criterion along with the non-associative flow rule with an interpolation 
technique was proven to be sufficiently flexible to capture the complex anisotropic 
response of ZEK100-O. This was achieved by enabling the possibility that the plastic 
potential and yield function evolve independently, a feature that is not possible in models 
based on the associative flow rule. 
 
 A number of validation tests were selected to cover major stress states that are commonly 
encountered in forming operations and crash events. The validation tests included in-
plane tensile and biaxial dome tests. Large-scale simulations of these experiments 
demonstrated that the plasticity model is capable of providing accurate predictions in 
terms of both global and local responses of the material. 
 
 In addition to anisotropy in the plastic response, orientation-dependent fracture behaviour 
was revealed as a result of a comprehensive experimental program. However, compared 
to the severe anisotropy in plasticity, fracture anisotropy can be best characterized as 
moderate albeit non-negligible. The material displayed load-dependent fracture 
behaviour with the uniaxial tension state exhibiting the highest ductility. 
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 The results of non-proportional tests showed that employing simple damage indicators 
for phenomenological modelling of fracture might not be sufficient to capture the 
influence of severe changes in stress states. 
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7. Future Work 
     The following future work is proposed as next steps to strengthen the understanding of the 
behaviour of magnesium alloys and support their commercial implementation: 
 The current investigations did not consider the plastic response of the material under non-
proportional conditions. Under load reversal, twinned crystals may de-twin which may 
result in some specific features in the stress-strain behaviour of magnesium alloys 
(Abedini et al., 2016). Constitutive characterization and modelling of the plastic 
behaviour of magnesium alloys under non-proportional conditions is left for future work. 
It is expected that the non-proportional plasticity of ZEK100-O will be even more 
complex than its proportional behaviour and the modelling framework would have to be 
refined. 
 
 The present work was mostly focused on plasticity and fracture of magnesium alloys 
from a macroscopic point of view. Microstructural investigations including crystal 
plasticity approaches and micromechanical fracture analysis with the aid of SEM should 
be performed in future work to connect the macroscopic responses to the underlying 
microscopic mechanisms. Specifically, it is of interest to study potential fracture 
mechanisms that are active under different loading conditions. 
 
 The influence of strain rate and temperature on plasticity and fracture behaviour of 
ZEK100-O was not evaluated. A more comprehensive testing program including elevated 
strain rates and temperatures is the subject of future research. It is expected that the strain 
rate and temperature are coupled at elevated rates, thus the modelling efforts would 
require a fully coupled thermo-mechanical approach. 
 
 The topic of modelling fracture behaviour of fracture-anisotropic metals has been barely 
touched in the literature. Results from the experiments performed in the present study 
showed the degree of anisotropy which exists in the fracture response of ZEK100-O; 
however, modelling this behaviour was left for future research. 
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 Fracture response of materials under combined loading of shear and tension is currently a 
topic of debate. For instance, when a material in the form of tube is under a combined 
tension and torsion, it may exhibit different fracture responses than previously observed 
for sheet materials (e.g. Scales et al., 2016). The behaviour of ZEK100-O under 
combined tension and shear states should be considered for future work. 
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